
���������
	������������	��������������
������� �����������! #"%$'&)(+*,*,-.&

/103242658739�:<;>=@?,2BA45DCFEG:
HI?,E873J�K<24CMLN:<;OLFPRQ@0FS�CFTUK@26CVXW3WZY

[�\ CF26]^58]_C`Lba  4c
d8(+eFf`gDh%i_*^jk$'&l��&lf&%mon,pq& a
E = R r f(x) = ex r g(x) = x2 c�s,�_c
tF$u(+v_sw^c
tF$k(�vx(+e,y'yuvzg8{X(+*|y

p}&1h%i+e,$uy r f (+p}p~(+vIj�{,&
E
{,(+*,y

F
&.j

g
{,&

F
{X(�*,y

G r {,i_*|h�i_*N*,&�n�i_e|t�(+vIj�nX(�y�h%i_*|yuvq{|-%$u&.$ f ◦ g r m�(+v}y�v}h%vi_*Mn�&.e|j�n,e,v}yu��e,&
f
&.j

g
t+i_*^j�{,&

E
{X(+*,y

E
c�s<��c�d8(+eFf�g�t_i_v}$1h.i_*^jk$u&�&lf&%mon,pq&�{X(+*,y�p}&�h.i_e,$'y�c�s
�+c�d8(+ef

gDh%i_*^jk$'&l��&lf&%mon,pq& a
E = R r f(x) = ex r g(x) = x

c

[�\ CF26]^58]_CNV���� &.y'j�tF$k(+v�g�te�&%*�h%i+e,$uykcl����i_*^ju$ui_*,y���p}&)n,(+$�{,i_e,�|pq&�vq*|h%pqe|yuvqi+*x�
��i_*^ju$ui_*,y�jui_e|j�{ � (+��i_$u{

f(A∪B) ⊂ f(A)∪f(B)
�^�Fi_v}j

y
{X(+*|y

f(A∪B)
�_��(�$z{,-.�,*,v}juvqi_*�{,&

f(A∪B) rv}p�&�fvqy'ju&
x
{X(�*,y

A ∪ B
jk&.p���e,&

y = f(x)
���v

x ∈ A r (+pqi_$'y f(x) ∈ f(A)
{|i_*,h

f(x) ∈ f(A) ∪ f(B)
�

�v}*,i_* r x ∈ B
&.j�{,&�m��.m�&

f(x) ∈ f(A) ∪ f(B)
����i_*,ho{X(+*,y�jki+e,y�pq&%y�h%(+y r y = f(x) ∈ f(A) ∪ f(B)

�
��i+*,h

f(A ∪ B) ⊂ f(A) ∪ f(B)
�

	�-%h%v}n,$uiF��e,&%mo&%*^j r m�i+*�ju$ui_*|yz��e,& f(A)∪f(B) ⊂ f(A∪B)
����*o(

A ⊂ A∪B r {,i_*,h f(A) ⊂ f(A∪B)
�

��&�m��.m�& r f(B) ⊂ f(A∪B)
���i_*|h

f(A)∪ f(B) ⊂ f(A∪B)
���i_*|h�nX(+$�{,i_e,�,p}&�v}*,h%p}e,yuv}i_* r f(A∪B) =

f(A) ∪ f(B)
�

[�\ CF26]^58]_CNP
 4c���*�* � (�nX(�y

cos 0 ≤ cos(π
2
) r {,i+*,h1i_*�* � (�nX(+y 0R (π

2
)
����*�* � (�nX(+y

cos(π
3
) ≤ cos(π) r {,i_*,h�i_*�* � (nX(�y

(π
3
)R π

�X��*�$u&lt+(�*,h��,& r cos(π) = −1 ≤ cos(π
3
)
&.j

sin(π) = 0 ≤
√

3/2 = sin(π
3
) r {,i_*,h π R (π

3
)
�

�_cGt_i+vq$�h%i_e|$uy�gD&lf&%mon,p}&){|&�$'-%{X(+hljkv}i_* a R &%y'j�jki�j�(+p}&�yuv�n�i+e,$�jki_e|j
x
{,(+*,y

E
&lj�n�i_e,$�jui_e|j

y
{X(+*,y

E ri_*�(
xR y

i_e
yR x

��c
w^c���i+* r n,e,v}yu��e � i_*�( πR (π

3
)
m�(�vqy�nX(�y

(π
3
)R π

�
��c���* (�tFeb��e � i_* * � (Bt�(+vIj�nX(�y

0R (π
2
)
�X��(�vqyGh.i_mom�&�i_*b* � (1nX(+y

sin(π
2
) ≤ sin 0 r i_*¡* � (�nX(+yG*,i_*bn,p}e,y

(π
2
)R 0 r {|i_*,h�p~(�$'&%p~(6jkvqi+*b* � &.y'j�nX(+y�jui+j�(+p}&+��_c��e|n,n�i+yui_*,y���e,&

A
(+{,mo&.juju&�e,*om�(4¢'i+$k(+*^j

x
����e,v}yu��e,&

0
&.j

π/2
y'i_*^j�{X(+*,y

A
i_*�{,&lt$u(+v}j�(#t+i_vq$

0R x r{,i+*,h
cos 0 ≤ cos x r &lj (π

2
)R x r {,i_*,h sin(π

2
) ≤ sin x

�<��i_*|h
cos x ≥ 1

&.j
sin x ≥ 1 r h%&���e,vG* � &%y�j�nX(+yn�i_yuy'vq�,p}&+�

A
* � (�{,i_*,h�nX(�y�{|&)m�(4¢'i_$u(+*^j r {|i_*,h A

* � (on,(+y�*,i_* n,pqe|y�{|&)n|pqe,y�£_$u(+*,{�-%p}-%mo&%*^j#�
��*�$u&lt�(+*,h��,& r * � vqmon�i_$'ju&��Fe|&%pF-%pq-.m�&.*^j<{|& [π, 3π/2]

&.y'j<e,*1movq*|i_$k(+*^j�{,&
A
�6��*1&l¤Z&lj r yui_vIj y ∈ [π, 3π/2]

�
�i+v}j

x ∈ A
�x��*N(

cos y ≤ 0 ≤ cos x
&.j

sin y ≤ 0 ≤ sin x r {,i_*,h yR x
� � i_m�mo&)h%&%h.v<&.y'j�t$u(+v@n�i_e|$�jui_e|j

x
{X(+*,y

A r y &%y�j�e|*�movq*,i+$k(+*^j�{|& A
�

[�\ CF26]^58]_C�¥
 4c

f(z) = 1 ⇔ z3 = 1 ⇔ z ∈ {1, ei2π/3, ei4π/3}
f(z) = −2 ⇔ z3 = −2 ⇔ z3 = 2eiπ ⇔ z ∈ {21/3eiπ/3, 21/3ei3π/3 = −21/3, 21/3ei5π/3}�_c

f
* � &%y'j�nX(�y�v}*6¢'&%hljkvIt_& r n|e,vqy'�Fe|& 1 6= ei2π/3 r m�(+vqy f(1) = f(ei2π/3) = 1

�
w^c��i_vIj

z
e|*�h%i+m�n,p}&lf&�ju&%p���e,&

f(z) = iz r h � &%y'j�¦�{,v}$u& z3 = z
�Z�v

z 6= 0 r (�pqi_$'y z2 = i = eiπ/2 r {,i_*,h

z = eiπ/4 i_e z = −eiπ/4 ��§¨&%y�y'&%e,p}&%y�yui+pqe|juvqi_*,y�n�i+yuyuv}�,pq&.y�{,& f(z) = iz
yui_*^j�{|i_*,h

0 r eiπ/4 &.j −eiπ/4 �
	�-%h.vqn,$'i��e,&.m�&.*�j r h%&.y�ju$ui_v}y�*,i_m��|$u&%y�y'i_*^j��|vq&%*�yui+pqe|juvqi_*,y.�X��*�(�{|i_*,h a

{z ∈ C, f(z) = iz} = {0, eiπ/4,−eiπ/4}
 



��c�	�&%m�(+$u��e,i_*|y�jki_e|j�{ � (+��i_$u{ ��e,& r n,e,vqy'��e,& λ
&%y'j�y'ju$uv}h.jk&.m�&.*^j�n�i_y'v}juv}d a

x ∈ [a, b] ⇔ a ≤ x ≤ b ⇔ λa ≤ λx ≤ λb ⇔ λa + µ ≤ λx + µ ≤ λb + µ ⇔ λx + µ ∈ [λa + µ, λb + µ]}
� &%h.v|-lj�(+*^j�tFe r $k(�vqyui+*,*,i_*,y<nX(+$@{,i_e,�|pq&�vq*,h.pqe,y'vqi_*x���i+v}j z ∈ B1

�+�<(+$�{|-.�X*,vIjkv}i_*�{|&
B1 r

vqp^&�f|v}y'ju&
θ ∈ [a, b]ju&%pG��e,&

z = ei(λθ+µ) �z�@i_yui+*,y θ′ = λθ + µ
�z��*©(

z = eiθ′ ����&�n,pqe,y r n|e,vqy'�Fe|& θ ∈ [a, b] r i+*©(�{ � (+n,$'"%y
pq(R$'&%m�(+$u��e,&�vq*,vIjkvq(+pq&

θ′ ∈ [λa + µ, λb + µ]
����i+*,h

z ∈ B2

��	�-%h%v}n,$uiF��e,&%mo&%*^j r y'i_v}j z ∈ B2

����p�&�f|v}y'ju&

θ′ ∈ [λa+µ, λb+µ]
jk&.p���e,&

z = eiθ′ ���<i+yui_*,y
θ = (θ′−µ)/λ r yuv3�,v}&%*o��e,& θ′ = λθ+µ

���*�(
z = ei(λθ+µ) �

��&Gn,pqe,y r { � (�n,$u".yzp~(�$u&%m�(+$'�Fe|&�v}*,v}juv~(+p}& r θ ∈ [a, b]
�+��i+*,h

z ∈ B1
�+�<(+$�{,i+e,�,pq&�vq*|h%pqe|yuvqi+*�i_*�(�{,i_*|h

B1 = B2
�

�_c

f(A) = {f(z), z ∈ A} =
{

f(eiθ), θ ∈
[

0,
π

3

]}

=
{

(eiθ)3, θ ∈
[

0,
π

3

]}

=
{

ei3θ, θ ∈
[

0,
π

3

]}

��i+*,h�{ � (+n|$u"%y�p~(���e,&%y�jkv}i_*��^c
(�n,n,pqv}��e,-%&�¦
a = 0 r b = π/3 r λ = 3

&lj
µ = 0 r i_*�( f(A) =

{

eiθ, θ ∈ [0, π]
} �

1 = ei0 r i = eiπ/2 &.j ei(15π/6) = ei(3π/6) = i
y'i_*^j�{X(+*,y

f(A)
m�(+vqyGnX(+y

ei4π/3 �
ª c���*�(�tFeo��e,&

f(A) = {eiθ, θ ∈ [0, π]} ����p,y � &%*,y'e,v}j
��e,& f(A)
&%y'j�p � &.*,yu&.m��,pq&G{,&%y
*,i_m1�,$u&.y�h%i_mon,pq&�f&%y

{,&Gm�iF{,e,p}&
1
&lj�{,&�n,(+$'juvq&Gv}m�(�£_vq*X(�vq$u&�n�i_y'v}jkvIt_&��_��$

z
&.y'j�{,&�moiF{,e,pq&

1
&lj�yk(�nX(�$'jkv}&Gv}m�(+£+vq*X(+v}$u&�&.y'j
n�i_yuvIjkv}t+&+�

��p¨&.y'j�{,i_*,h�{X(�*,y
f(A)

�
« c��@i_e,$

k ∈ {0, 1, 2} r *|i+jki_*|y Ak

p � &%*,y'&%m��|pq& {eiθ, θ ∈ [2kπ/3, π/3 + 2kπ/3]} g8i_*U(¡{|i_*,h
A0 = A rp � &.*,yu&.m��,pq&

A1

&%y'j�p � vqm�(+£_&�{,&
A
nX(�$�pq(�$ui�j�(�juvqi_* {,&�h%&%*^ju$u&�p � i_$'vq£_v}*,&�&.j�{ � (+*,£_p}&

2π/3 r &lj A2

&.y'j�p � v}m�(�£_&
{,&

A
nX(+$�pq(�$ui+jk(�jkv}i_*�{|&�h%&%*^ju$u&�p � i_$'vq£_v}*,&�&.j�{ � (+*,£_p}&

4π/3
c��x��i+jki_*|y

B = A0 ∪ A1 ∪ A2

�x��i_*^jk$'i_*,y�nX(+$
{,i+e,�,pq&�v}*,h%p}e,yuv}i_*b��e,&

f−1(f(A)) = B
�

�i_vIj
z ∈ f−1(f(A))

�x��*M(¡{,i+*,h
f(z) ∈ f(A) = {eiθ, θ ∈ [0, π]} �Z��p�&lfv}y'jk&�{,i+*,h θ ∈ [0, π]

ju&%pz��e,&

f(z) = eiθ r h � &%y'j)¦¡{|vq$u& z3 = eiθ �x� � (+n,$'"%y�p~(odDi_$um�e|pq&)yue,$�p}&%y�$u(+h%v}*,&%y�h.e,�,v}�Fe|&%y�{ � e,*U*,i_m1�,$u&�h.i_mon,pq&�f|&
*,i+*M*�e,p r v}p�&lfvqy�jk&�{|i_*,h�e|*M&%*^juvq&%$

k
{,(+*,y {0, 1, 2} ju&%p
��e,& z = ei(θ+2kπ)/3 �@¬�vIfi_*|y�h.&.j�&.*^jkvq&.$ k

�<��*M(

θ ∈ [0, π] r {|i_*,h (θ + 2kπ)/3 ∈ [2kπ/3, π/3 + 2kπ/3] r {,i+*,h z ∈ Ak r
{,i_*|h

z ∈ B
�

	�-%h%v}n,$uiF��e,&%mo&%*^j r y'v z ∈ B r (�pqi_$'yov}p�&lfvqy�jk& k ∈ {0, 1, 2} &.j
α ∈ [2kπ/3, π/3 + 2k/π/3]

ju&%p���e,&

z = eiα �3��p�&lfv}y'jk& θ
{X(+*,y

[0, π/3]
jk&%p���e,&

α = θ + 2kπ/3
{,i+*,h

z = ei(θ+2kπ/3) ����*�(o{,i_*,h f(z) = z3 =

ei(3θ+2kπ) = ei3θ �3��$ 3θ ∈ [0, π]
�3��i_*,h

f(z) ∈ {eiθ′

, θ′ ∈ [0, π]} = f(A)
�X��i_*,h

z ∈ f−1(f(A))
�

[�\ CF26]^58]_CN
��i_*^ju$ui_*,y�jui_e|j�{ � (+��i_$u{®��e,&

f
&%y�j��|v¯¢'&%hljkvIt_&+�z�
e|vqyu��e,&

f ◦ g ◦ f = IdE
&lj���e,&

IdE
&%y'jo�,v°¢'&%hljkv}t+& rp � (+n|n,pqv}h#(�juvqi_*

f ◦g◦f
&.y'j��,v°¢'&%hljkv}t+&+����i+jui_*,y

h1 = g◦f
&lj

h2 = f ◦g
�+��*�(

f ◦h1 = f ◦g◦f r {,i+*,h f ◦h1
&%y�j

�,v°¢'&%hljkv}t+& r {,i_*|h�y'e,$D¢'&.h.jkvIt_& r {,i_*|h f
&%y�j�y'e,$D¢'&.h.jkvIt_&��_��&�n,pqe|y r h2◦f = f ◦g◦f r {,i_*|h h2◦f

&%y�jz�,v°¢'&%hljkv}t+& r {,i_*|hv}*6¢'&%hljkv}t+& r {,i+*,h f
&.y'j<vq*6¢'&.h.jkvIt_&��4��i_*,h

f
&%y'j<�,v°¢'&%h.juv}t+&+�6�i_vIj

f−1 y'i_*�(�n,n,pqv}h#(�juvqi_*�$u-%h.vqn,$'i��e,&��6�
*)h%i+m�n�i_yk(�*�j
p � -.£^(+pqvIjk-

f ◦g ◦f = IdE

nX(+$
f−1 ¦�£^(�e,h��,&�&.jG¦�{,$'i_v}ju& r i_*�i_�|jkv}&%*^j f−1 ◦f ◦g ◦f ◦f−1 = f−1 ◦ IdE ◦f−1

{,i+*,h
g = f−1 ◦ f−1 �¨��$ r h%i_mom�&)jki_ejk&�(+n|n,pqv}h#(�juvqi_*�$u-%h.vqn,$'i��e,& r f−1 &.y'j��,v°¢'&%h.juv}t+&+�¨§ � (+n,n,p}vqh#(6jkvqi+* g

&%y�j
{,i+*,h��,v¯¢'&.h.jkvIt_&�h.i_m�mo&�h%i+m�n�i_yu-.&�{ � (�n,n,pqv}h#(�juvqi_*|yG�,v°¢'&%h.juv}t+&%y%�

�


